
Announcements
.

/ ) Math major pizza It - shirt

party , 12 . 1:30 Monday ,

2047 C B ( Math Library )

2) Exam Thursday covering

Chapter 12
,

Sections 13.1 , 13.2

and arc length in 13.3 .

Review and Mathematic a

Lab Tuesday



Integration of Vector Functions
.

Just like limits and derivatives ,

to integrate a vector .
valued

function : integrate each

Coordinate : if

flt ) = ( xctl
,

yltl ,
zlt ) )

,
then

YL?tltI,sµ•,sx€
provided all integrals exist !



Annoying point : you now have

to add a different arbitrary

constant in every coordinate !



Example I :

-

Find the integral of

FHI =L tanlt )
,

Rosal ,
siittt )

÷
-

tank )

Stanttldt :S sciotsntttdt

Let u=cosH )
,

du =
- sinltldt .

Then S signs
,

at =
- Stdu

=
- lnlultc ,



Substituting U back in ,

we

g÷c°slt€
Now yltl = those )

,

S tscosltldt uses

integration by parts !



Tabular Trick : choose

u =t2
,

dv
.

- cosh )
.

Write a table

u=t2#t
'



Differentiate u=t2 until

you get to zero :

2

u=tdvtc
at:|



Then integrate dv=( osltl

as many times as you

differentiated U=t3

2

u=tdvtc
2t Sint ):/::*



Now multiply diagonally ,

alternating signs and

Starting with
' '

t
' '

:

2

U=t
+

dv=co+→sink ):f¥'s:*

The individual products are

t2sinH ,
at costa

,
and - Zsinltl .



Finally , add all the products

together to obtain the anti derivative :

Stscositldt

=t3inlt)t2tusH-2sinCt#t
fnalb

,
z ( tltsiitt ) .

Use the trig identity

SIPH )=
I - Cio

2
.



the
iitt ) at  =S( ¥2 " ) at

=tz-sIhb€
The final answer is

Sf ( t ) =

(-ln(cosHHG,t3iNt)t2tcosH)-2sinH+Cs,±a-sin(h)t



For definite integration ,
just

add bounds in every integral :

if ft th ( XHI , yet )
,

ZHD
,

then

.th§xHat,§yHdt,§Ht÷]

provided all these integrals exist !



Arc length and Curvature

.

( Section 13.3 )

Recall Calc It Formula

If f ( tk ( xttl
, ylt ) )

,

then the arc length of the

graph of f from t=a to t=b

is given by

L=§tEsPdt€



For this formula to hold
,

we

require that xttl . y
' ltl

exist and are continuous on

[ a ,b ] .

Q : why is this formula valid ?



Justification
-

( kind of )

The idea is to pick some points

on the graph and draw line

segments in between them .

The length of each segment

is given by the distance

formula applied to the

end points of the segment .

That where the squares

and square root in the

integral come from .



You add up all the segment

lengths to approximate the

length of the Curve ,
then

you do the usual calculus

trick of letting the

lengths go to Zero as the

number of Segments go to

infinity . This produces

the integral and derivatives

in the formula .



Arc length Formulain
The only thing that changes

Is the appearance of a third

coordinate !

If f(t1=( xlthyltl ,
2- Ct ) ) ,

then then the arc length of

the graph of f from t=a to tib

is given by

L=§(x'HTHs'HTHztaP€



Again , we require existence

and continuity of ×
'

, y
'

,

and Z
'

on [ a ,b] .



Exampled find the arclensh

of

gLt)=(2t2 ,
-5T

,
Its )

from t.tl to t=2 .

÷
-

25
,

x.lt )=4t

ylt ) =
- 5t2

,
y 'lt ) = - lot

ZLH=3t2 ,
2- ttj=9t2 .



the
§(utPttiotPt&t# at

= §M#oo#t4dt
= §#6tTsdt
= § treat

Let u=
116+81+2

,
du=l62tdt



UC l ) = 197
,

u (d) = 440 , So the integral is

440

L= by ,§
,

.ru do

= of 2¥"

4447

=÷u,(4uo"2-k7×€



Example 3 :

.

Find the arc length of

FH )=( estsincstl
,

itcoscstl
,

est )

from t=O to t =1÷
The derivatives here are much

more annoying ,
but the

integral is easier !



1) ×(tl=e3tsin(3t )

Xkt ) =3e3tinl3tl+3e3tusl3t )

21 y It ) =
e3tCos( 3+1 ,

y
' ltl = 3e3 ctosyt ) -325in ( st )

3) ZHI =e3t t

z
' lt ) = 3e

Now square and add
1

.



( xktl )2=

9e6tcoR3H+qe6tsiibH+l8e6tcTina⇒+ tftp.9ebtcos43Htqebtsinabts-set#ini3tI

+

*+112 =
qebt

=18e6t( ( oR3tHsiiCstl )to
= I

Gt
= 27C



Tt
- § "27eTdt

=3r}
"

§

"e*di÷¥to

" "

)
= as ( 8 - l )

= 7¥


